This paper introduces a mathematical approach that allows one to numerically solve the nonclassical transport equation in a deterministic fashion using classical numerical procedures. The nonclassical transport equation describes particle transport for random statistically homogeneous systems in which the distribution function for free-paths between scattering centers is nonexponential. We use a spectral method to represent the nonclassical flux as a series of Laguerre polynomials in the free-path variable s, resulting in a nonclassical equation that has the form of a classical transport equation. We present numerical results that validate the spectral approach, considering transport in slab geometry for both classical and nonclassical problems in the discrete ordinates formulation.
Introduction
The theory of nonclassical particle transport, which describes processes in which a particle's distance-to-collision is not exponentially distributed, has received increased attention in the last decade. It was originally proposed by Larsen [1] to describe measurements of photon path-length in the Earth's cloudy atmosphere that could not be explained by classical radiative transfer (cf. [2] ). The theory has been extended over the last few years [3] [4] [5] [6] [7] and has found applications in other areas, including neutron transport in certain types of nuclear reactors [8] [9] [10] , computer graphics [11, 12] , and problems involving anomalous diffusion (cf. [13] ). Moreover, a similar kinetic equation has been independently derived for the periodic Lorentz gas in a series of papers by Golse (cf. [14] ) and by Marklof and Strömbergsson [15] [16] [17] [18] .
The nonclassical theory requires an extended phase space that includes an extra independent variable: the free-path s, representing the distance traveled by a particle since its previous interaction. The one-speed nonclassical transport equation with angular-dependent free-paths can be written as [5] ∂ ∂s Ψ(x, Ω, s) + Ω · ∇Ψ(x, Ω, s) + Σ t (Ω, s)Ψ(x, Ω, s) = (1.1a)
, x ∈ V, Ω ∈ 4π, 0 < s, where x = (x, y, z), Ω = (Ω x , Ω y , Ω z ), Ψ is the nonclassical angular flux, c is the scattering ratio, and Q is an isotropic source. Here, P (Ω ′ · Ω)dΩ represents the probability that when a particle with direction of flight Ω ′ scatters, its outgoing direction of flight will lie in dΩ about Ω. This equation is subject to the incident boundary angular flux [19] Ψ(x, Ω, s) = Ψ b (x, Ω)δ(s), x ∈ ∂V, n · Ω < 0, 0 < s.
(1.1b)
The angular-dependent nonclassical total cross section Σ t (Ω, s) in Eq. (1.1a) satisfies p(Ω, s) = Σ t (Ω, s)e where p(Ω, s) is the free-path distribution function in the direction Ω.
If classical transport takes place, Σ t is independent of both Ω and s. In this case, the free-path distribution reduces to the exponential distribution p(s) = Σ t e −Σts , and Eqs. (1.1) reduce to the classical linear Boltzmann equation
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x ∈ V, Ω ∈ 4π, Ψ c (x, Ω) = Ψ b (x, Ω), x ∈ ∂V, n · Ω < 0, ( Numerical results for the nonclassical theory have been provided for diffusion-based approximations and for moment models in the diffusive regime [3, 8-10, 20, 21] . To our knowledge, numerical results for the nonclassical transport equation given by Eqs. (1.1) are only available for problems in rod geometry [22] [23] [24] . This is in part due to the difficult task of estimating the nonclassical free-path distribution. Another reason is that, given the sdependence of Σ t and the improper integral on the right-hand side of Eq. (1.1a), a direct deterministic approach that involves discretizing the variable s tends to be inefficient.
The original contributions of this paper are as follows. We introduce a mathematical approach that allows one to numerically solve Eqs. (1.1) in a deterministic fashion using classical numerical procedures. This approach uses a spectral method to represent the nonclassical flux as a series of Laguerre polynomials [25] in the variable s. The resulting equation has the form of a classical transport equation and can be solved by traditional methods. We also present numerical results that validate the spectral approach, considering transport in slab geometry for both classical and nonclassical problems. To our knowledge, this is the first time deterministic numerical results for Eqs. (1.1) are provided for problems in slab geometry.
A summary of the remainder of this paper is given next. In Section 2, we present the spectral approach to the nonclassical transport equation. In Section 3, we describe the numerical methodology used to solve the transport problems in this paper. Numerical results are given in Section 4: in Section 4.1, we validate the proposed approach by solving a classical transport problem, and in Section 4.2 we present numerical results for nonclassical transport problems in a random periodic medium. We conclude with a discussion in Section 5.
Spectral Approach
Let us consider Eq. (1.1a) in an equivalent "initial value" form [5] :
and define ψ such that
We can now rewrite the nonclassical problem as
where S(x, Ω) is the scattering source defined as
and p(Ω ′ , s ′ ) is the free-path distribution given in Eq. (1.2). To apply the spectral method, we represent ψ as a series of Laguerre polynomials [25] in s: 6) where S(x, Ω) = c 4π
Substituting Eq. (2.6) into Eqs. (2.5), we have
The nonclassical angular flux Ψ(x, Ω, s) is recovered from Eqs. (2.2) and (2.4). The classical angular flux Ψ c (x, Ω) is obtained using Eq. (1.3c), such that
In order to obtain a numerical solution for Eqs. (2.7) it is necessary to: (i) truncate the series of Laguerre polynomials; and (ii) numerically perform the improper integrals in s. Then, the resulting equations can be solved by traditional numerical methods as discussed in the next section.
Numerical Methodology
As the goal of this paper is to provide a first validation of the proposed method, we focus on obtaining numerical solutions to test problems in slab geometry with isotropic scattering and vacuum boundary conditions. Taking M as the truncation order of the Laguerre expansion, we have:
Next, we write Eqs. (3.1) in the conventional discrete ordinates (S N ) formulation [26] :
Here, we have defined ψ m,l (x) as ψ m (x, µ l ), where the direction-of-motion variable µ has been discretized in N discrete values µ l . Similarly, Σ t l (s ′ ) has been defined as Σ t (µ l , s ′ ), and the angular integral in Eq. (3.1d) has been approximated by the angular quadrature formula with weights ω n in Eq. (3.2d).
Furthermore, we take two steps to approximate the improper integrals in Eqs. (3.2d) and (3.2e): (i) we truncate the upper limit to a finite number L by neglecting the integral in the complementary range (L, ∞); and (ii) we perform the simple linear transformation
We use the Gauss-Legendre quadrature [27] in Eq. (3.2d) to write
where G ℓ is the order of the Gauss-Legendre quadrature.
A similar procedure is carried out for the improper integral in Eq. (3.2e). Equations (3.2d) and (3.2e) appear as
(3.5) Equation (3.4) is used in the S N equations (3.2a), which are solved numerically using the conventional fine-mesh diamond difference (DD) method with the source iteration (SI) scheme [26] . In addition, the classical angular flux in direction µ l is approximated by Eq. (3.5).
At this point we consider a spatial discretization grid on the slab, wherein each cell has width h j , j = 1, 2, . . . J. Applying the operator
, we obtain the conventional discretized spatial balance S N equations, where we define the cell-average quantitȳ
As with the DD method, we approximate ψ m,l (x) by piecewise continuous linear functions across the spatial grid. In other words, we consider the approximation
By substituting Eq. (3.7) into the discretized balance equations, we obtain the nonclassical S N sweep equations
We use Eq. (3.8a) to sweep from left to right (µ l > 0) and Eq. (3.8b) to sweep from right to left (µ l < 0), updatingS j , j = 1 : J, and the summation terms, until a prescribed stopping criterion is satisfied. The stopping criterion adopted is that the relative deviations between two consecutive estimates of classical scalar fluxes in each point of the spatial discretization grid need to be smaller than or equal to a prescribed positive constant ξ.
Numerical Results
In this section we provide numerical results that validate the spectral approach and the proposed numerical methodology. First, we apply this approach to solve a classical transport problem in a homogeneous slab and show that it correctly estimates the scalar flux. Then, we proceed to solve a nonclassical transport problem in a one-dimensional, random periodic slab. For all numerical experiments in this section we adopt ξ = 1 × 10 −6 for the stopping criterion, N = 20, G ℓ = 300, and truncate the s range in the length L of the slab. The spatial domain is discretized in each problem to yield h j = 0.005 cm, j = 1, 2, ..., J.
Validation: Classical Transport
In order to validate the proposed methodology, we apply the numerical approach described in the previous section to solve a classical transport problem in slab geometry. The slab is composed of a homogeneous material (material 1), with total cross section Σ t 1 = 1 cm −1 , as depicted in Fig. 1 . A neutron source Q(x) = 1 × 10 17 neutrons/cm 3 ·s , with −0.5 cm < x < 0.5 cm, is located in a region at the center of the slab. We emphasize that, as Σ t 1 is independent of µ and s in all spatial domain, the free-path distribution p(µ, s) reduces to the exponential distribution p(s) = Σ t 1 e −Σt 1 s . We are interested in how accurately the nonclassical model predicts the classical scalar flux. To this end, we compare the results obtained with the solution of the classical linear Boltzmann equation in slab geometry. Table 1 
Nonclassical Transport in a Random Periodic Slab
Let us consider a one-dimensional physical system similar to the one introduced in [28] , composed of two distinct materials periodically arranged. The period is given by ℓ = ℓ 1 + ℓ 2 , with ℓ 1 and ℓ 2 representing the width of each material. Material 1 is a solid with Σ t 1 = 1 cm −1 , and material 2 is defined as void, i.e., Σ t 2 = 0 cm −1 . This periodic system is randomly placed in the infinite line −∞ < x < ∞, such that the probability P i of finding material i ∈ {1, 2} in a given point is ℓ i /ℓ. Therefore, material parameters (such as the cross sections) are stochastic functions of space. Figure 2 illustrates this periodic system.
The ensemble-averaged free-path distribution for the problem depicted in Fig. 2 has been analytically calculated in [24] to different material widths, with expressions for p(µ, s) given by
• Case 2:
• Case 3:
where n = 0, 1, 2, ... . We perform numerical experiments considering the two sets of problems (A and B) displayed in Table 2 . In each problem, we consider the existence of a neutron source defined as [24] Q(x) =
where x 1 and x 2 are spatial points of the domain. Here, we are interested in how accurately the nonclassical model predicts the ensembleaveraged scalar flux over all physical realizations of the random medium. To this end, we compare the nonclassical results against benchmark results obtained by averaging the solutions of the classical transport equation over a large number of physical realizations of this random system. The benchmarks were produced by solving 1/h j classical transport problems. Details of how to obtain the benchmark solution can be found in [24] . Figure 3 depicts the ensemble-averaged scalar fluxes obtained for problem set A, with Fig. 4 showing the percentage relative error of the nonclassical approach with respect to the benchmark solutions. Similarly, Fig. 5 illustrates the ensemble-averaged scalar fluxes for problem set B, with corresponding percentage relative errors presented in Fig. 6 . Explicit values of these results are given in Tables 3 and 4 for easy comparison.
The best accuracy in both sets of problems is obtained in purely absorbing systems, with c = 0. In these cases, increasing the value of M from 50 to 200 shows a clear improvement in the accuracy of the solution. This can be seen in the left-hand plots in Figs. 4 and 6 and from the values in Tables 3 and 4. For this class of test problems, it has been shown [24] that the accuracy of the nonclassical model will deteriorate as the system becomes more diffusive, underestimating the maximum value located at x = 0. This is confirmed by the numerical results; the estimates obtained for the cases with c = 0.9 are more inaccurate than the ones generated for purely absorbing cases. Moreover, there is virtually no improvement in the accuracy of the diffusive solutions upon increasing M.
Finally, as |x| increases, one can see a clear difference in terms of accuracy between solutions of problem sets A and B. The sinuous shape seen in the relative errors is a consequence of the periodic structure of the random systems; however, the amplitude of the errors is much larger in problem set A. This is due to the neutron sources in problem set B being inserted upon all spatial domain, which has two direct effects in the solution: (i) it increases the contribution of unscattered neutrons in the scalar flux, smoothing the error; and (ii) it decreases the propagation of boundary effects.
Discussion
In this paper, we have introduced a spectral approach that allows us to numerically solve the nonclassical transport equation using traditional (classical) methods. By representing the nonclassical flux as a series of Laguerre polynomials in the free-path variable s, we obtain a nonclassical equation that has the form of a classical transport equation. We describe a numerical methodology to solve this equation using a discrete ordinates (S N ) formulation in combination with the diamond difference method and a source iteration scheme. This was used to solve both classical and nonclassical transport problems in slab geometry, thus proving to be a good tool and validating the proposed approach. To our knowledge, this is the first time deterministic numerical results have been given for the nonclassical transport equation (1.1) in slab geometry.
It is important to note that the goal of this paper is not to investigate the accuracy of the nonclassical transport equation; this has been partly addressed elsewhere [24] and will be the subject of future work. Here, we are concerned with the development of an efficient approach to solve the nonclassical transport equation in a deterministic fashion-this work is a first step in that direction. We remark that the choice of using discrete ordinates or diamond differences is not binding; one can choose several different numerical methodologies to solve the nonclassical equations introduced here.
Modifications of the spectral approach presented in Section 2 are possible and may yield interesting results. For instance, we can modify Eq. (2.2) to define
where α is a constant, and
If we expandψ by a truncated series of Laguerre polynomials, 2) and perform the same steps as described in Section 2, we obtain
The classical angular flux is given by
Assuming classical transport (Σ t independent of s and Ω), we can choose α = 1 − Σ t and M = 0 to rewrite Eqs. (5.3) as Further work needs to be done to investigate how well this approach performs in multidimensional nonclassical systems. In order to address that, the next steps of this work include: (i) implementing an acceleration scheme to improve the efficiency of the method; (ii) investigating the use of coarse-mesh methods, such as Response Matrix [29] ; and (iii) performing a full convergence analysis of the method. We also intend to drop the periodic assumption and investigate results in more realistic random media; however, this will require a sophisticated numerical approach to estimate the free-path distribution p(Ω, s). Problem Space domain limits 
